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Abstract

This paper studies the possibility of secure implementation (Saijo, T., T. Sjöstr̈om, and T. Yam-

ato (2007) “Secure Implementation,”Theoretical Economics2, pp.203-229) in divisible and non-

excludable public good economies with quasi-linear utility functions. In this economies, although

Saijo, Sj̈ostr̈om, and Yamato (2007) showed that the Groves mechanisms (Groves, T. (1973) “In-

centives in Teams,”Econometrica41, pp.617-631) are securely implementable when the valuation

functions of the public good are (a) differentiable and concave and (b) fixed and the agents are iden-

tified with their parameters respectively, this paper presents the following negative result: securely

implementable social choice functions are dictatorial or constant when the valuation functions of the

public good are strictly increasing and strictly concave.
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1 Introduction

This paper considers divisible and non-excludable public good economies in whichn ≥ 2 agents col-

lectively decide (a) how much of the public good (e.g., seawalls, protection forests, and storm sewers)

should be provided and (b) how the cost should be shared among the agents.1 These decisions are

made to achieve a goal characterized by asocial choice functionwhich associates an outcome with

the agents’ preferences. This paper studies strategy-proof social choice functions in such public good

economies with quasi-linear utility functions.Strategy-proofnessrequires that truthful revelation is a

weakly dominant strategy for the agent.

Although strategy-proofness is a desirable property, some experimental studies have questioned the

performance of strategy-proof mechanisms.2 On the basis of these observations, Saijo, Sjöstr̈om, and

Yamato (2007) introducedsecure implementationwhich is defined as double implementation in dom-

inant strategy equilibria and Nash equilibria.3 They showed that the social choice function issecurely

implementableif and only if it satisfies strategy-proofness and the rectangular property (Saijo, Sjöstr̈om,

and Yamato, 2007). In addition, they showed that the rectangular property is in general equivalent to

the combination ofstrong non-bossiness(Ritz, 1983) and theoutcome rectangular property (Saijo,

Sjöstr̈om, and Yamato, 2007). Strong non-bossiness requires that the agent cannot change the allocation

by changing the agent’s revelation while maintaining the agent’s utility. The outcome rectangular prop-

erty requires that the allocation does not change by changing all the agents’ revelations, each of whom

does not change the allocation. On the basis of these characterizations, some researchers have studied

the possibility of secure implementation in several environments and illustrated the difficulty of finding

securely implementable social choice functions with desirable properties.4

In divisible and non-excludable public good economies with quasi-linear utility functions, which are

also considered in this paper, Saijo, Sjöstr̈om, and Yamato (2007) showed that the Groves mechanisms

(Groves, 1973) are securely implementable when the valuation functions of the public good are (a) dif-

ferentiable and concave and (b) fixed and the agents are identified with their parameters respectively.

Because this assumption of the valuation functions is so restrictive, this paper considers the following

more reasonable assumption: the valuation functions of the public good are strictly increasing and strictly

concave. Under this assumption of the valuation functions, this paper demonstrates that securely imple-

mentable social choice functions are dictatorial or constant in divisible and non-excludable public good

economies with quasi-linear utility functions.

The main result presented here depends on the results of Barberà and Peleg (1990). In a voting

environment in which the set of alternatives is a metric space and each agent’s preference is represented

by a continuous utility function, they showed that if the social choice function satisfies strategy-proofness

and it’s range contains at least three alternatives, then it is dictatorial. Because secure implementability

1See Clarke (1971), Moulin (1994), and Serizawa (1996, 1999) for non-excludable public good economies.
2See Chen (2008) for a survey of experimental studies on strategy-proof mechanisms in non-excludable public good

economies.
3Cason, Saijo, Sjöstr̈om, and Yamato (2006) conducted experiments on secure implementation and suggested that it might

be a benchmark for constructing a mechanism which works well in practice.
4See Mizukami and Wakayama (2005), Saijo, Sjöstr̈om, and Yamato (2003, 2007), Fujinaka and Wakayama (2008, 2011),

Berga and Moreno (2009), Bochet and Sakai (2010), Kumar (2013), and Nishizaki (2011, 2012, 2013, 2014) for theoretical

results on secure implementation.
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reduces the problem of providing a divisible and non-excludable public good with the cost shares to such

a voting environment in the model presented here, this paper presents the main result on the basis of the

results of Barber̀a and Peleg (1990).

The remainder of this paper is organized as four sections. Section 2 introduces the model presented

here and Section 3 the main properties of social choice functions. Section 4 presents the main result and

the relationship between it and some previous studies. Section 5 concludes this paper. Some preliminary

results and the proof of the main result of this paper are presented in Appendix.

2 Model

Let I ≡ {1,. . . ,n} be the set ofagents, wheren ≥ 2. Let Y ⊆ R+ ≡ {r ∈ R|r ≥ 0} be a convex set of

production levels of the public goodandc: Y →R+ be thecost function. In the model presented here,

a production level of the public good is equal to consumption of the public good for each agent. For each

i ∈ I , let (y,xi) ∈ Y×R+ be aconsumption bundle for agenti, wherexi ∈ R+ is acost share of the

public good for agent i. Let (y,x) be anallocation, wherex≡ (xi)i∈I is a profile of cost shares of the

public good, andZ ≡ {(y,x) ∈Y×Rn
+|c(y) ≤ ∑i∈I xi} be the set offeasible allocations.

This paper assumes that each agent’s preference is represented by a quasi-linear utility function. For

eachi ∈ I , let ui : Y×R+ → R be anutility function for agent i such that there isvi : Y → R, called a

valuation function of the public good for agenti, and for each(y,xi) ∈Y×R+, ui(y,xi) = vi(y)−xi .

This paper also assumes that each valuation function of the public good is strictly increasing and strictly

concave. For eachi ∈ I , letVi be the set of all valuation functions of the public good for agenti with such

characteristics. Letv ≡ (vk)k∈I be a profile of valuation functions of the public good andV ≡ ∏k∈I Vk

be the set of the profiles. For eachi ∈ I , let v−i ≡ (vk)k∈I\{i} be a profile of valuation functions of the

public good other than agenti andV−i ≡ ∏k∈I\{i}Vk be the set of the profiles. For eachi, j ∈ I , let

v−i, j ≡ (vk)k∈I\{i, j} be a profile of valuation functions of the public good other than agentsi and j. For

eachS,S′,S′′ ⊆ I , where these sets are mutually disjoint andS∪S′ ∪S′′ = I , and eachv,v′,v′′ ∈ V, let

(vS,v′S′ ,v
′′
S′′) be the profile of valuation functions of the public good, where agenti ∈ Shasvi , agenti ∈ S′

hasv′i , and agenti ∈ S′′ hasv′′i .

Let f : V →Z be asocial choice function. For eachv∈V, let (y(v),x(v))∈Z be the allocation under

the social choice functionf at the profile of valuation functions of the public goodv and(y(v),xi(v)) be

the consumption bundle for agenti ∈ I at the allocation(y(v),x(v)).

3 Properties of Social Choice Functions

Saijo, Sj̈ostr̈om, and Yamato (2007, Theorem 1) characterized securely implementable social choice

functions bystrategy-proofnessand the rectangular property (Saijo, Sjöstr̈om, and Yamato, 2007).

Strategy-proofness requires that truthful revelation is a weakly dominant strategy for the agent.

Definition 1. The social choice functionf satisfiesstrategy-proofnessif and only if for eachv,v′ ∈V

and eachi ∈ I , vi(y(vi ,v′−i))−xi(vi ,v′−i)≥ vi(y(v′i ,v
′
−i))−xi(v′i ,v

′
−i).

In addition, Saijo, Sj̈ostr̈om, and Yamato (2007, Proposition 3) showed that the rectangular property

is in general equivalent to the combination ofstrong non-bossiness(Ritz, 1983) and theoutcome rect-
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angular property (Saijo, Sj̈ostr̈om, and Yamato, 2007). Strong non-bossiness requires that if the agent

does not change the agent’s “utility” by changing the agent’s revelation, then the allocation also does not

change by the change of the revelation. The outcome rectangular property requires that if each agent

cannot change the “allocation” by changing the agent’s revelation, then the allocation does not change

by changing all the agents’ revelations.

Definition 2. The social choice functionf satisfiesstrong non-bossinessif and only if for eachv,v′ ∈V

and eachi ∈ I , if vi(y(vi ,v′−i))− xi(vi ,v′−i) = vi(y(v′i ,v
′
−i))− xi(v′i ,v

′
−i), then (y(vi ,v′−i),x(vi ,v′−i)) =

(y(v′i ,v
′
−i),x(v

′
i ,v

′
−i)).

Definition 3. The social choice functionf satisfies theoutcome rectangular property if and only if

for eachv,v′ ∈ V, if (y(vi ,v′−i),x(vi ,v′−i)) = (y(v′i ,v
′
−i),x(v

′
i ,v

′
−i)) for eachi ∈ I , then(y(v),x(v)) =

(y(v′),x(v′)).

Theorem 1(Saijo, Sj̈ostr̈om, and Yamato, 2007). The social choice function issecurely implementableif

and only if it satisfiesstrategy-proofness, strong non-bossiness, and theoutcome rectangular property.

This paper shows that securely implementable social choice functions are dictatorial or constant in

divisible and non-excludable public good economies with quasi-linear utility functions whose valuation

functions of the public good are strictly increasing and strictly concave.

Definition 4. The social choice functionf is dictatorial if and only if there isi ∈ I such that for each

v,v′ ∈V, vi(y(v))−xi(v) ≥ vi(y(v′))−xi(v′). 5

Definition 5. The social choice functionf is constant if and only if for eachv,v′ ∈ V, (y(v),x(v)) =

(y(v′),x(v′)).

4 Main Result

Saijo, Sj̈ostr̈om, and Yamato (2007, Lemma 3) showed that the Groves mechanisms are securely im-

plementable in some of divisible and non-excludable public good economies with quasi-linear utility

functions. A major difference between the model presented here and those of Saijo, Sjöstr̈om, and Yam-

ato (2007) is the assumption of valuation functions of the public good. Although this paper assumes that

the valuation functions of the public good are strictly increasing and strictly concave, Saijo, Sjöstr̈om,

and Yamato (2007) assumed that they are (a) differentiable and concave and (b) fixed and the agents are

identified with their parameters respectively (e.g., for eachi ∈ I and eachy∈ Y, vi(y) = θib(y), where

θi ∈ R andb: Y → R is differentiable and concave).6 Under this assumption of Saijo, Sjöstr̈om, and

Yamato (2007), the Groves mechanisms satisfy strong non-bossiness and the outcome rectangular prop-

erty in addition to strategy-proofness. In the model presented here, the Groves mechanisms do not satisfy

both properties. The following example shows a social choice function satisfying strategy-proofness and

the outcome rectangular property, but not strong non-bossiness.
5Note that this dictatorship is required on the range of the social choice function, but not on the set of all feasible allocations.
6Because this assumption does not require the strict increasingness, single-peaked valuation functions of the public good

are also considered by Saijo, Sjöstr̈om, and Yamato (2007). In addition, they assumed that the cost function is differentiable

and convex, the set of maximizers of the sum of all the agents’ benefits from the consumption is singleton, and the element is

in the interior of the set of production levels of the public good.
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Figure 1: A violation of the outcome rectangular property under the conservative equal cost sharing

mechanism, wheren= 2 andc is a liner cost function

Example 1. Let f be the following social choice function: there isy ∈ Y such that for eachv ∈ V,

y(v) = y andxi(v) = −{∑k∈I\{i} vk(y(v))− c(y(v))} for eachi ∈ I . We find that f satisfies strategy-

proofness and the outcome rectangular property. In addition, we find thatf does not satisfy strong

non-bossiness because the agent can change other agents’ cost shares of the public good by changing the

agent’s revelation while maintaining the agent’s utility.

Although the cost shares of the public good under the social choice function in Example 1 are con-

tained in those of the Groves mechanisms, the consumption of the public good does not maximize the

sum of all the agents’ benefits from the consumption. Even if the consumption maximizes it, then the

social choice function does not satisfy strong non-bossiness. Together with Theorem 1, this implies that

the Groves mechanisms are not securely implementable in the model presented here.

The conservative equal cost sharing mechanism (Moulin, 1994) is a well-known cost sharing scheme

satisfying strategy-proofness and non-bossiness (Satterthwaite and Sonnenschein, 1981) in non-excludable

public good economies.7 For eachi ∈ I , let ti : Y → R+ be acost sharing function for agenti. The

social choice functionf is acost sharing schemeif and only if there are cost sharing functionst1,· · · ,tn
such that for eachv∈ V and eachi ∈ I , xi(v) = ti(y(v)). Given a cost sharing scheme, for eachv∈ V

and eachi ∈ I , let Bi(vi ,ti ,y(V))≡ {y∈ y(V)|vi(y)− ti(y)≥ vi(y′)− ti(y′) for eachy′ ∈ y(V)} be the set

of utility maximizers for agenti in the range of consumption of the public goody(V) at the profile of

valuation functions of the public goodv andbi(vi ,ti ,y(V))≡maxBi(vi ,ti ,y(V)). The social choice func-

tion f is theconservative equal cost sharing mechanismif and only if f is a cost cost sharing scheme

such that for eachv ∈ V, ti(y(v)) = c(y(v))/n for eachi ∈ I , wherey(v) = min{bi(vi ,ti ,y(V))}i∈I .

In the model presented here, if the cost functionc is convex, then the conservative equal cost sharing

mechanism satisfies strong non-bossiness, but not the outcome rectangular property (see Figure 1).8 To-

gether with Theorem 1, this implies that the conservative equal cost sharing mechanism is not securely

implementable.

It is well-known that a social choice function satisfying strategy-proofness and non-bossiness is a

7The social choice functionf satisfies non-bossiness if and only if for each v,v′ ∈ V and each i ∈ I , if

(y(vi ,v′−i),xi(vi ,v′−i)) = (y(v′i ,v
′
−i),xi(v′i ,v

′
−i)), then(y(vi ,v′−i),x(vi ,v′−i)) = (y(v′i ,v

′
−i),x(v

′
i ,v

′
−i)).

8In this figure, ((y(v),x(v))) is the allocation induced by the unique weakly dominant strategy equilibrium and

((y(v′),x(v′))) is an allocation induced by a “bad” Nash equilibrium.
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cost sharing scheme (Lemma 5 in Appendix). Because strong non-bossiness is in general stronger than

non-bossiness, a social choice function satisfying strategy-proofness and strong non-bossiness is also a

cost sharing scheme. In addition, secure implementability implies that the range of consumption of the

public good is closed (Proposition 3 in Appendix) and convex (Proposition 4 in Appendix). These imply

that the problem of providing a divisible and non-excludable public good with the cost shares is reduced

to a voting environment in which the set of alternatives is equivalent to the range of consumption of

the public good, which is a closed interval by secure implementability. In such a voting environment,

Barber̀a and Peleg (1990, Theorem 3.1) showed the following negative result.

Theorem 2 (Barber̀a and Peleg, 1990). In a voting environment in which the set of alternatives is a

metric space and each agent’s preference is represented by a continuous utility function defined over

the set, if the social choice function satisfiesstrategy-proofnessand it’s range contains at least three

alternatives, then it isdictatorial.

Note that Theorem 2 implies that any strategy-proof social choice function is constant if it is not

dictatorial and it’s range is a closed interval in a voting environment considered by Barberà and Peleg

(1990).

In the model presented here, each utility function induces a continuous preference defined over the

range of consumption of the public good associated with secure implementability (Remark 2 in Ap-

pendix).9 On the basis of Theorem 2, the following main result is presented.

Theorem 3. If the social choice functionf satisfiesstrategy-proofness, strong non-bossiness, and the

outcome rectangular property, then f is dictatorial or constant. 10

Theorem 3 is tight. The argument about the conservative equal cost sharing mechanism showed the

necessity of the outcome rectangular property and Example 1 the necessity of strong non-bossiness. In

addtion, the following example shows the necessity of strategy-proofness.

Example 2. Let f be the following social choice function: there isy∈Y such that for eachv∈V, y(v) = y

andxi(v) =−{∑k∈I vk(y(v))−c(y(v))} for eachi ∈ I . We find thatf satisfies strong non-bossiness and

the outcome rectangular property. In addition, we find thatf does not satisfy strategy-proofness because

the agent benefits from untruthful revelation that changes the agent’s cost share of the public good in the

agent’s favor.

Together with Theorem 1, Theorem 3 implies the following negative result on secure implementa-

tion in divisible and non-excludable public good economies with quasi-linear utility functions whose

valuation functions of the public good are strictly increasing and strictly concave.

Corollary. If the social choice function issecurely implementable, then it isdictatorial or constant.

5 Conclusion

This paper studies the possibility of secure implementation in divisible and non-excludable public good

economies with quasi-linear utility functions. In this economies, although Saijo, Sjöstr̈om, and Yamato
9It is unclear whether the preferences are also single-peaked. Together with the result of Saijo, Sjöstr̈om, and Yamato (2007,

Theorem 8), we have the same result as Theorem 3 even if the preferences are single-peaked.
10See Appendix for the formal proof of this theorem.
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(2007) showed that the Groves mechanisms are securely implementable when the valuation functions of

the public good are (a) differentiable and concave and (b) fixed and the agents are identified with their

parameters respectively, the results presented here implied that securely implementable social choice

functions are dictatorial or constant when the valuation functions of the public good are strictly increasing

and strictly concave. This result depends on the results of Barberà and Peleg (1990) because secure

implementability reduces the problem of providing a divisible and non-excludable public good with the

cost shares to a voting environment considered by Barberà and Peleg (1990).

Investigating securely implementable social choice functions in divisible and “excludable” public

good economies is an interesting research topic because there are non-trivial ones (e.g. a convex cost

sharing mechanism under which the convexity of the cost sharing functions is established on the range of

consumption of the public good and each agent is assigned the consumption bundle which maximizes the

agent’s utility according to the agent’s cost sharing function) although the serial cost sharing mechanism

(Molin, 1994) is not securely implementable.11 In addition, Saijo, Sj̈ostr̈om, and Yamato (2007) and

Kumar (2013) showed a positive result on secure implementation in the problems of providing a divisible

private good with monetary transfers and Nishizaki (2014) in pure exchange economies with Leontief

utility functions. These environments suggest further research on secure implementation.

Appendix: Some Preliminary Results and Proof of Theorem 3

This paper demonstrates some preliminary results on strategy-proofness, strong non-bossiness, and the

outcome rectangular property. These results specify the characteristics of the option sets, the cost shares

of the public good, and the range of consumption of the public good under a securely implementable

social choice function.

For eachi ∈ I and eachv′−i ∈ V−i , let Oi(v′−i) ≡ {y ∈ Y|there isvi ∈ Vi such thaty(vi ,v′−i) = y} be

theoption set for agenti at v−i under the social choice functionf , that is, the set of consumption of

the public good, which the agent can induce givenf andv−i andOi(V−i)≡∪v′−i∈V−i
Oi(v′−i). In addition,

let y(V) ≡ {y∈ Y|there isv∈ V such thaty(v) = y} be therange of consumption of the public good

under the social choice functionf , that is, the set of consumption of the public good, which all the

agents can induce givenf . By definition,y(V) ⊇ Oi(V−i) for eachi ∈ I . Lemma 1 shows that both sets

are equivalent.12

Lemma 1. For eachi ∈ I , y(V) = Oi(V−i).

The cost sharing schemef is (a) strictly increasing if and only if for eachi ∈ I , eachv′−i ∈ V−i ,

and eachy,y′ ∈ Oi(v′−i), wherey< y′, ti(y) < ti(y′), (b) lower semi-continuousif and only if for each

i ∈ I , eachv′−i ∈ V−i , eachy ∈ Oi(v′−i), and eachε > 0, there is a neighborhoodU ⊆ Oi(v′−i) of y

such thatti(y′) ≥ ti(y)− ε for eachy′ ∈U , (c) upper semi-continuousif and only if for eachi ∈ I and

eachv′−i ∈ V−i , eachy ∈ Oi(v′−i), and eachε > 0, there is a neighborhoodU ⊆ Oi(v′−i) of y such that

ti(y′) ≤ ti(y)+ ε for eachy′ ∈U , and (d)continuous if and only if for eachi ∈ I and eachv′−i ∈V−i , ti
is upper semi-continuous and lower semi-continuous onOi(v′−i).

13

11Secure implementability of the serial cost sharing mechanism was noted by Yuji Fujinaka.
12See Nishizaki (2016) for a proof of this lemma.
13Note that these properties are required on the option sets, but not on the set of consumption of the public good.
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A1. Results on Strategy-Proofness

Lemma 2 shows the strict increasingness of cost sharing schemes satisfying strategy-proofness.14 On

the other hand, Lemma 3 shows the lower semi-continuity of cost sharing schemes satisfying strategy-

proofness on the basis of the continuity of valuation functions of the public good.

Lemma 2. If the cost sharing scheme satisfiesstrategy-proofness, then it isstrictly increasing.

Lemma 3. If the cost sharing schemef satisfiesstrategy-proofness, then it islower semi-continuous.

Proof. To the contrary, we suppose thatf is not lower semi-continuous. This implies that there arei ∈ I

andv′−i ∈ V−i such thatti is not lower semi-continuous onOi(v′−i). In addition, there isvi ∈ Vi such

that ti is not lower semi-continuous aty(vi ,v′−i). This implies that there isε ∈ R+ such that for each

neighborhoodU ⊆ Oi(v′−i) of y(vi ,v′−i),

ti(y
′) < ti(y(vi ,v

′
−i))− ε (1)

for somey′ ∈U . By the continuity of valuation functions of the public good, we can take the neighbor-

hood to satisfy the following condition:

vi(y(vi ,v
′
−i))−vi(y

′) < ε. (2)

BecauseU ⊆Oi(v′−i), there isv′i ∈Vi such thaty(v′i ,v
′
−i) = y′ and we find thatvi(y(vi ,v′−i))−vi(y(v′i ,v

′
−i))<

ε < ti(y(vi ,v′−i))−ti(y(v′i ,v
′
−i)) by (1) and (2). This implies thatvi(y(vi ,v′−i))−xi(vi ,v′−i)< vi(y(v′i ,v

′
−i))−

xi(v′i ,v
′
−i) and contradicts strategy-proofness.

Proposition 1 shows the closedness of the option sets under a cost sharing scheme satisfying strategy-

proofness on the basis of Lemma 2 and the continuity and strict increasingness of valuation functions of

the public good.

Proposition 1. Suppose that the cost sharing schemef satisfiesstrategy-proofness. For eachi ∈ I and

eachv′−i ∈V−i , Oi(v′−i) is closed.

Proof. To the contrary, we suppose that there arei ∈ I andv′−i ∈ V−i such thatOi(v′−i) is not closed.

This implies that we can takey∈ Ō(v′−i)\Oi(v′−i), whereŌ(v′−i) is the closure ofOi(v′−i). We have the

following three situations according to the relationship betweeny andOi(v′−i).

Situation 1. y = inf Oi(v′
−i)

Let xH
i ≡ inf{xi ∈R+|there isvi ∈Vi such thatti(y(vi ,v′−i)) = xi}. By Lemma 2, the definition ofxH

i ,

and the continuity and strict increasingness of valuation functions of the public good, we can takevi ∈Vi

such thatvi(y)−vi(y(v′′i ,v′−i))> xH
i − ti(y(v′′i ,v′−i)) for eachv′′i ∈Vi . 15 This implies thatvi(y(vi ,v′−i))−

ti(y(vi ,v′−i)) < vi(y)− xH
i . Together with the supposition ofy and the definition ofxH

i , this implies

that we can takev′i ∈ Vi such thatvi(y(vi ,v′−i))− ti(y(vi ,v′−i)) < vi(y(v′i ,v
′
−i))− ti(y(v′i ,v

′
−i)), that is,

vi(y(vi ,v′−i))−xi(vi ,v′−i) < vi(y(v′i ,v
′
−i))−xi(v′i ,v

′
−i). This contradicts strategy-proofness.

14See Nishizaki (2016) for a proof of this lemma.
15Note that we cannot take such a valuation function of the public good by the supposition ofy and the strict increasingness of

valuation functions of the public good ifxH
i −ti(y(v′′i ,v′−i)) = 0 for eachv′′i ∈Vi . By Lemma 2, we find thatxH

i −ti(y(v′′i ,v′−i))<

0 for eachv′′i ∈Vi becausey(v′′i ,v′−i) = y and we have a contradiction to the definition ofy if xH
i = ti(y(v′′i ,v′−i)) for somev′′i ∈Vi .

7



Situation 2. y = supOi(v′
−i)

Let xL
i ≡ sup{xi ∈ R+|there isvi ∈ Vi such thatti(y(vi ,v′−i)) = xi}. By Lemma 2, the definition

of xL
i , and the continuity and strict increasingness of valuation functions of the public good, we can

takevi ∈ Vi such thatvi(y)− vi(y(v′′i ,v′−i)) > xL
i − ti(y(v′′i ,v′−i)) for eachv′′i ∈ Vi . 16 This implies that

vi(y(vi ,v′−i))− ti(y(vi ,v′−i))< vi(y)−xL
i . Together with the supposition ofy and the definition ofxL

i , this

implies that we can takev′i ∈Vi such thatvi(y(vi ,v′−i))−ti(y(vi ,v′−i))< vi(y(v′i ,v
′
−i))−ti(y(v′i ,v

′
−i)), that

is, vi(y(vi ,v′−i))−xi(vi ,v′−i) < vi(y(v′i ,v
′
−i))−xi(v′i ,v

′
−i). This contradicts strategy-proofness.

Situation 3. Otherwise

LetxH
i ≡ inf{xi ∈R+|there isvi ∈Vi such thatti(y(vi ,v′−i)) = xi andy(vi ,v′−i)> y} andxL

i ≡ sup{xi ∈
R+|there isvi ∈Vi such thatti(y(vi ,v′−i)) = xi andy(vi ,v′−i) < y}. By the supposition ofy, we have the

following three cases according to whetherxH
i andxL

i are induced by some valuation function of the pub-

lic good or not: (i) there isvL
i ∈Vi such thatti(y(vL

i ,v′−i)) = xL
i , but notvH

i ∈Vi such thatti(y(vH
i ,v′−i)) =

xH
i , (ii) there isvH

i ∈ Vi such thatti(y(vH
i ,v′−i)) = xH

i , but notvL
i ∈ Vi such thatti(y(vL

i ,v′−i)) = xL
i , and

(iii) there are novL
i ,vH

i ∈ Vi such thatti(y(vL
i ,v′−i)) = xL

i and ti(y(vH
i ,v′−i)) = xH

i . In the case (i), we

know thaty ̸= y(vL
i ,v′−i). Together with Lemma 2, the definition ofxH

i , and the continuity and strict

increasingness of valuation functions of the public good, this implies that we can takevi ∈Vi such that

vi(y(vi ,v′−i))− ti(y(vi ,v′−i)) < vi(y)−xH
i and have a contradiction by arguments similar to Situations 1

and 2. Similarly, we have a contradiction in the cases (ii) and (iii).

Lemma 4 shows that the two valuation functions of the public good, whose “peaks” on the option set

are equal, induce the same consumption of the public good if the cost sharing scheme satisfies strategy-

proofness and Lemma 5 is a well-known result on strategy-proofness and non-bossiness.17

Lemma 4. Suppose that the cost sharing schemef satisfiesstrategy-proofness. For eachv,v′ ∈V and

eachi ∈ I , if v′i(y(v
′′
i ,v′−i))− ti(y(v′′i ,v′−i))< v′i(y(vi ,v′−i))− ti(y(vi ,v′−i)) for eachy(v′′i ,v′−i) ∈ Oi(v′−i)\

{y(vi ,v′−i)}, theny(vi ,v′−i) = y(v′i ,v
′
−i).

Lemma 5. If the social choice function satisfiesstrategy-proofnessandnon-bossiness, then it is acost

sharing scheme.

A2. Results on Strong Non-Bossiness

Lemma 6 shows the uniqueness of the agent’s utility maximizer in the agent’s option set under a social

choice function satisfying strategy-proofness and strong non-bossiness.18

Lemma 6. Suppose that the social choice functionf satisfiesstrategy-proofnessand strong non-

bossiness. For eachv,v′ ∈ V and eachi ∈ I , if y(vi ,v′−i) ̸= y(v′i ,v
′
−i), thenvi(y(vi ,v′−i))− xi(vi ,v′−i) >

vi(y(v′i ,v
′
−i))−xi(v′i ,v

′
−i).

16Note that we can take such a valuation function of the public good even ifxL
i − ti(y(v′′i ,v′−i)) = 0 for eachv′′i ∈Vi because

0 < vi(y)− vi(y(v′′i ,v′−i)) for eachv′′i ∈ Vi by the supposition ofy and the strict increasingness of valuation functions of the

public good.
17See Nishizaki (2016) for a proof of these lemmas.
18See Nishizaki (2016) for a proof of this lemma.
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By Proposition 1, we know that strategy-proofness implies the closedness of the option sets under a

cost sharing scheme. By imposing strong non-bossiness in addition to strategy-proofness, we also have

Proposition 2 showing the convexity.

Proposition 2. Suppose that the cost sharing schemef satisfiesstrategy-proofnessand strong non-

bossiness. For eachi ∈ I and eachv′−i ∈V−i , Oi(v′−i) is convex.

Proof. Let i ∈ I andv′−i ∈ V−i . It is sufficient to demonstrate thatλy+ (1− λ )y′ ∈ Oi(v′−i) for each

y,y′ ∈ Oi(v′−i), wherey ̸= y′, and eachλ ∈ (0,1). To the contrary, we suppose that there arey,y′ ∈
Oi(v′−i), wherey ̸= y′, andλ ∈ (0,1) such thatλy+(1−λ )y′ ̸∈ Oi(v′−i). Together with Proposition 1,

this implies that we can takevL
i ,vH

i ∈Vi such that

[y(vL
i ,v′−i),y(v

H
i ,v′−i)]∩Oi(v

′
−i) = {y(vL

i ,v′−i),y(v
H
i ,v′−i)}, (3)

y(vL
i ,v′−i) < λy+(1−λ )y′ < y(vH

i ,v′−i). (4)

By (3) and Lemma 2, we can takev∗i ∈Vi such that (iii-2a)v∗i (y(v
L
i ,v′−i))−v∗i (y(v

′′
i ,v′−i))≥ ti(y(vL

i ,v′−i))−
ti(y(v′′i ,v′−i)) for eachv′′i ∈Vi , wherey(v′′i ,v′−i)≤ y(vL

i ,v′−i), and (iii-2b)v∗i (y(v
H
i ,v′−i))−v∗i (y(v

′′
i ,v′−i))≥

ti(y(vH
i ,v′−i))− ti(y(v′′i ,v′−i)) for eachv′′i ∈ Vi , wherey(v′′i ,v′−i) ≥ y(vH

i ,v′−i). Together with strategy-

proofness, these imply thatv∗i (y(v
L
i ,v′−i))−ti(y(vL

i ,v′−i)) = v∗i (y(v
∗
i ,v′−i))−ti(y(v∗i ,v′−i)) = v∗i (y(v

H
i ,v′−i))−

ti(y(vH
i ,v′−i)), that is,v∗i (y(v

L
i ,v′−i))−xi(vL

i ,v′−i) = v∗i (y(v
∗
i ,v′−i))−xi(v∗i ,v′−i) = v∗i (y(v

H
i ,v′−i))−xi(vH

i ,v′−i).

Together with Lemma 6, this implies thaty(vL
i ,v′−i) = y(v∗i ,v′−i) = y(vH

i ,v′−i) and contradicts (4).

By Lemma 3, we know that strategy-proofness implies the lower semi-continuity of the cost sharing

scheme. By imposing strong non-bossiness in addition to strategy-proofness, we have Lemma 7 showing

the continuity.

Lemma 7. If the cost sharing schemef satisfiesstrategy-proofnessandstrong non-bossiness, then it is

continuous.

Proof. To the contrary, we suppose thatf is not continuous. This implies that there arei ∈ I andv′−i ∈V−i

such thatti is not continuous onOi(v′−i). In addition, there isvL
i ∈ Vi such thatti is not continuous at

y(vL
i ,v′−i). Together with Lemma 3, this implies thatti is not upper semi-continuous aty(vL

i ,v′−i) and

there isε ∈R+ such that for each neighborhoodU ⊆ Oi(v′−i) of y(vL
i ,v′−i), ti(y′)> ti(y(vL

i ,v′−i))+ ε for

somey′ ∈ U . BecauseU ⊆ Oi(v′−i), this implies thaty(vL
i ,v′−i) < y′ by Lemma 2. On the basis of the

above argument, letyH ∈ (y(vL
i ,v′−i),y

′) be such that we can takevi ∈ Vi which satisfies the following

condition:vi(y(vL
i ,v′−i))−vi(λy(vL

i ,v′−i)+(1−λ )yH)> ti(y(vL
i ,v′−i))−ti(λy(vL

i ,v′−i)+(1−λ )yH) for

eachλ ∈ (0,1). 19 Because(y(vL
i ,v′−i),y

′) ⊆ Oi(v′−i), there isvH
i ∈Vi such thaty(vH

i ,v′−i) = yH and we

find that

y(vL
i ,v′−i) < y(vH

i ,v′−i) (5)

by the definition ofyH . On the basis of the definition ofyH and the continuity and strict increasingness of

valuation functions of the public good, we can takev∗i ∈Vi such that (a)v∗i (y(v
L
i ,v′−i))−v∗i (y(v

′′
i ,v′−i))≥

ti(y(vL
i ,v′−i))−ti(y(v′′i ,v′−i)) for eachv′′i ∈Vi , wherey(v′′i ,v′−i)≤ y(vL

i ,v′−i), (b)v∗i (y(v
H
i ,v′−i))−v∗i (y(v

′′
i ,v′−i))≥

19Note that we can take such a valuation function of the public good by lettingyH be sufficiently close toy(vL
i ,v′−i). This

requirement is introduced to respect the strict concavity of valuation functions of the public good.
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ti(y(vH
i ,v′−i))− ti(y(v′′i ,v′−i)) for eachv′′i ∈ Vi , wherey(v′′i ,v′−i) ≥ y(vH

i ,v′−i), and (c)v∗i (y(v
L
i ,v′−i))−

v∗i (λy(vL
i ,v′−i)+ (1−λ )y(vH

i ,v′−i)) > ti(y(vL
i ,v′−i))− ti(λy(vL

i ,v′−i)+ (1−λ )y(vH
i ,v′−i)) for eachλ ∈

(0,1). Together with strategy-proofness, these imply thatv∗i (y(v
L
i ,v′−i))−ti(y(vL

i ,v′−i)) = v∗i (y(v
∗
i ,v′−i))−

ti(y(v∗i ,v′−i)) = v∗i (y(v
H
i ,v′−i))− ti(y(vH

i ,v′−i)), that is, v∗i (y(v
L
i ,v′−i))− xi(vL

i ,v′−i) = v∗i (y(v
∗
i ,v′−i))−

xi(v∗i ,v′−i) = v∗i (y(v
H
i ,v′−i))−xi(vH

i ,v′−i). Together with Lemma 6, this implies thaty(vL
i ,v′−i) = y(v∗i ,v′−i) =

y(vH
i ,v′−i) and contradicts (5).

A3. Results on Outcome Rectangular Property

On the basis of Lemma 8 showing that the outcome rectangular property can be considered within the

range of consumption of the public good under a social choice function satisfying strategy-proofness and

non-bossiness, we have Proposition 3 showing the closedness of the range of consumption of the public

good under the cost sharing scheme by imposing non-bossiness and the outcome rectangular property in

addition to strategy-proofness.20

Lemma 8. Suppose that the social choice functionf satisfiesstrategy-proofness, non-bossiness, and

the outcome rectangular property. For eachv,v′ ∈ V, if y(vi ,v′−i) = y(v′i ,v
′
−i) for each i ∈ I , then

y(v) = y(v′).

Proposition 3. If the cost sharing schemef satisfiesstrategy-proofness, non-bossiness, and theoutcome

rectangular property, theny(V) is closed.

Proof. To the contrary, we suppose thaty(V) is not closed. This implies that we can takey∈ ȳ(V)\y(V),

whereȳ(V) is the closure ofy(V). We have the following three situations according to the relationship

betweeny andy(V).

Situation 1. y = inf y(V )

By Proposition 1, we can takev∈V such thaty(vi ,v−i) = minOi(v−i) for eachi ∈ I . 21 In addition,

we can takev′ ∈V such that

y< y(v′) < y(v) (6)

by the supposition ofy. For eachi ∈ I , we have the following two cases according to the position ofy(v′)

in Oi(v′−i) by Proposition 1: (i)y(v′i ,v
′
−i) = maxOi(v′−i) and (ii) y(v′i ,v

′
−i) < maxOi(v′−i). In addition,

we consider the following two subcases of the case (ii) according to the relationship betweeny(vi ,v−i)

andy(v′i ,v−i) on the basis of Lemma 4 and the definition ofy(vi ,v−i) : (ii-1) y(vi ,v−i) = y(v′i ,v−i) and

(ii-2) y(vi ,v−i) < y(v′i ,v−i). Let I(i) ⊆ I be the set of agents belonging to the case (i),I(ii-1) ⊆ I be the

set of agents belonging to the subcase (ii-1), andI(ii-2) ⊆ I be the set of agents belonging to the subcase

(ii-2).

For eachi ∈ I(i) , we can takev∗i ∈ Vi such thaty(vi ,v−i) = y(v∗i ,v−i) and y(v′i ,v
′
−i) = y(v∗i ,v′−i)

by Lemma 4 and an argument similar to Proposition 2 becausey(vi ,v−i) = minOi(v−i) (see the left

hand side of Figure 2). For eachi ∈ I(ii-1) , we know thaty(vi ,v−i) = y(v′i ,v−i) by definition. For each

i ∈ I(ii-2) , we can takev∗∗i ∈ Vi such thaty(vi ,v−i) = y(v∗∗i ,v−i) andy(v′i ,v
′
−i) = y(v∗∗i ,v′−i) by Lemma

20See Nishizaki (2016) for a proof of this lemma.
21Note that we can take such a profile of valuation functions of the public good by letting the slope ofvi on y(V) be

sufficiently low for eachi ∈ I .
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Figure 2: Proof of Situation 1 in Proposition 3

4 and an argument similar to Proposition 2 becausey(vi ,v−i) = minOi(v−i) (see the right hand side of

Figure 2). Letv′′ ≡ (v′′I(i) ,v
′′
I(ii-1)

,v′′I(ii-2)
) be such that(v′′I(i) ,v

′′
I(ii-1)

,v′′I(ii-2)
) = (v∗I(i) ,v

′
I(ii-1)

,v∗∗I(ii-2)
). These imply that

y(vi ,v−i) = y(v′′i ,v−i) andy(v′i ,v
′
−i) = y(v′′i ,v′−i) for eachi ∈ I . Together with Lemma 8, this implies that

y(v) = y(v′′) = y(v′) and contradicts (6).

Situation 2. y = supy(V )

By Proposition 1, we can takev∈V such thaty(vi ,v−i) = maxOi(v−i) for eachi ∈ I . In addition, we

can takev′ ∈V such thaty(v) < y(v′) < y by the supposition ofy. For eachi ∈ I , we have the following

two cases according to the position ofy(v′) in Oi(v′−i) by Proposition 1: (i)y(v′i ,v
′
−i) = minOi(v′−i)

and (ii) y(v′i ,v
′
−i) > minOi(v′−i). In addition, we consider the following two subcases of the case (ii)

according to the relationship betweeny(vi ,v−i) andy(v′i ,v−i) on the basis of Lemma 4 and the definition

of y(vi ,v−i) : (ii-1) y(vi ,v−i) = y(v′i ,v−i) and (ii-2) y(vi ,v−i) > y(v′i ,v−i). By an argument similar to

Situation 1, we have a contradiction.

Situation 3. Otherwise

Let U ⊆ Y be a neighborhood ofy such thatU ∩ y(V) is convex. This implies that there are the

following two cases according the relationship betweeny and consumption of the public good inU ∩
y(V): (i) y< y′′ for eachy′′ ∈U ∩y(V) and (ii)y> y′′ for eachy′′ ∈U ∩y(V).

In the case (i), we can takev∈V such thaty(v) ∈U andy(vi ,v−i) = minOi(v−i) for eachi ∈ I by

Proposition 1. In addition, we can takev′ ∈V such thaty(v′) ∈U andy< y(v′)< y(v) by the supposition

of y. By an argument similar to Situation 1, we have a contradiction.

In the case (ii), we can takev∈V such thaty(v) ∈U andy(vi ,v−i) = maxOi(v−i) for eachi ∈ I by

Proposition 1. In addition, we can takev′ ∈V such thaty(v′) ∈U andy(v)< y(v′)< y by the supposition

of y. By an argument similar to Situation 2, we have a contradiction.

Remark 1. In non-excludable public good economies with classical preferences, Serizawa (1996, Lemma)

showed the closedness of the range of consumption of the public good under a social choice func-

tion satisfying strategy-proofness, non-bossiness, individually rationality, budget-balancedness, and non-

exploitation. In other directions, Serizawa (1999, Fact 1) showed it by strategy-proofness, symmetry, and

budget-balancedness.
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Figure 3: Proof of Proposition 4

By imposing the outcome rectangular property in addition to strategy-proofness and strong non-

bossiness, we have Proposition 4 showing the convexity of the range of consumption of the public good

under the cost sharing scheme.

Proposition 4. If the cost sharing schemef satisfiesstrategy-proofness, strong non-bossiness, and the

outcome rectangular property, theny(V) is convex.

Proof. Let y,y′ ∈ y(V) andλ ∈ [0,1]. We have the following three cases according to the value ofλ : (i)

λ = 0; (ii) λ = 1; and (iii) λ ∈ (0,1). In the case (i), we know thatλy+(1−λ )y′ = y′ ∈ y(V). In the

case (ii), we know thatλy+(1−λ )y′ = y∈ y(V). In the case (iii), we have the following two subcases

according to the relationship betweeny andy′: (iii-1) y= y′ and (iii-2) y ̸= y′. In the subcase (iii-1), we

know thatλy+(1−λ )y′ ∈ y(V).

The remainder of this proof demonstrates thatλy+(1−λ )y′ ∈ y(V) in the subcase (iii-2). To the

contrary, we suppose thatλy+(1−λ )y′ ̸∈ y(V). On the basis of Proposition 3, we can takevL ,vH ∈V

such that for eachi ∈ I ,

[y(vL),y(vH)]∩Oi(v
L
−i) = {y(vL)}, (7)

[y(vL),y(vH)]∩Oi(v
H
−i) = {y(vH)}, (8)

y(vL)< λy+(1−λ )y′ < y(vH). (9)

By (7), (8), and Lemma 2, we can takev∗ ∈V such that for eachi ∈ I , (iii-2a) v∗i (y(v
L
i ,vL

−i))−v∗i (y(v
′′
i ,vL

−i))>

ti(y(vL
i ,vL

−i))− ti(y(v′′i ,vL
−i)) for eachy(v′′i ,vL

−i) ∈ Oi(vL
−i) \ {y(vL

i ,vL
−i)} and (iii-2b) v∗i (y(v

H
i ,vH

−i))−
v∗i (y(v

′′
i ,vH

−i))> ti(y(vH
i ,vH

−i))− ti(y(v′′i ,vH
−i)) for eachy(v′′i ,vH

−i) ∈ Oi(vH
−i)\{y(vH

i ,vH
−i)} (see Figure 3).

Together with Lemma 4, this implies thaty(v∗i ,vL
−i) = y(vL

i ,vL
−i) andy(v∗i ,vH

−i) = y(vH
i ,vH

−i) for each

i ∈ I . Together with Lemma 8, this implies thaty(vL) = y(v∗) = y(vH) and contradicts (9).

Remark 2. The combination of Lemmas 1 and 7 and Proposition 4 implies the continuity of a cost shar-

ing scheme satisfying strategy-proofness, strong non-bossiness, and the outcome rectangular property on

the range of consumption of the public good.

A4. Proof of Theorem 3

Let f be a social choice function satisfying strategy-proofness, strong non-bossiness, and the outcome

rectangular property. By Lemma 5, we know thatf is a cost sharing scheme. By Propositions 3 and

12



4, we know that the range of consumption of the public good is closed and convex. These imply that

the problem of providing a divisible and non-excludable public good with the cost shares is reduced to a

voting environment in which the set of alternatives is equivalent to the range of consumption of the public

good, which is a closed interval. In addition, we know the continuity off on the range of consumption

of the public good, as stated in Remark 2. This implies that each utility function induces a continuous

preference defined over the range of consumption of the public good. Together with the result of Barberà

and Peleg (1990, Theorem 3.1), these imply thatf is dictatorial if the range of consumption of the public

good contains at least three alternatives. If not, thenf is constant because the range of consumption of

the public good is closed and convex.
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